We investigate the effects of electroweak bremsstrahlung on bino-like neutralino dark matter pair annihilations in the minimal supersymmetric standard model (MSSM). We calculate the nonrelativistic pair annihilation cross sections via W -strahlung from leptonic final states, χχ → W ℓν, and compare them with the contributions of the relevant two-body final states.
I. INTRODUCTION
Clarifying the nature of cold Dark Matter (DM) is one of the key issues in recent astrophysics and cosmology [1] . The relic abundance of cold DM in the present Universe is determined by recent astronomical observations with great precision as Ω χ h 2 = 0.1199 ± 0.0027 [2] . 1 Among the diverse candidates, the lightest superparticle (LSP) in supersymmetric models is one of the most attractive ones for the DM particle [3, 4] . In the minimal supersymmetric standard model (MSSM) [5] , the LSP is typically the lightest neutralino given by a linear combination of neutral gauginos and higgsinos
whereB is the U(1) Y gaugino (bino),W 3 is the neutral SU(2) L gaugino (wino), and H 0 1 andH 0 2 are the two neutral higgsinos with opposite hypercharges. The coefficients N 1i (i = 1, 2, 3, 4) are the elements of the 4×4 unitary matrix N which diagonalizes the neutralino mass matrix [5, 6] . Assuming the GUT relation for the gaugino masses, a bino-like LSP is realized for relatively light gauginos.
Cosmic rays produced by DM annihilations in the galactic halo provide a way of indirect detection of DM. For a bino-like LSP, the dominant annihilation channel is fermion pair production χχ → ff . The neutralino pair annihilation cross section in the nonrelativistic limit is helicity suppressed (∝ m 2 f /m 2 χ ) for light fermions due to the Majorana nature of the neutralino [7] . It is known, however, that gauge boson emissions can lift the helicity suppression, since the emitted gauge boson carries unit angular momentum. Indeed, it has been shown that the bremsstrahlung χχ → ff γ can potentially give characteristic signals of DM in gamma-ray observations [8, 9] .
In recent years, the significance of electroweak bremsstrahlung emitting W /Z bosons has been recognized in the literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In particular, the weak bremsstrahlung is expected to be more important in evaluating neutrino flux than the usual bremsstrahlung emitting photons, since the former emits primary neutrinos. The weak bremsstrahlung in a leptophillic dark matter model has been examined in Refs. [10, 11] where χχ → W ℓν can give a dominant contribution over χχ → ℓ + ℓ − γ. The effect of the W ℓν final states in this model is maximized in the limit where the dark matter mass is nearly degenerate with the mass of the SU(2) L doublet bosons (η 0 and η ± ) which mediate the annihilation process similarly to sleptons. Gammaray signals in this model were investigated in Ref. [12] . Various signals, including positrons, were studied in Ref. [13] . Neutrino spectra including neutrino oscillation effects were explored in Ref. [14] . Helicity dependent effects on the neutrino spectra were studied for SU(2) L singlet Majorana fermion dark matter [15] . For a wino-like dark matter, initial state W /Z radiations were found to be important [16] . Gamma rays from bino-like dark matter annihilations in the MSSM were examined including the three-body final state with weak bremsstrahlung [17] . Neutrino signals from weak bremsstrahlung in the MSSM were studied for a bino-like TeV dark matter scenario [18] . Antiproton constraints have been studied in Ref. [19] where effects of a longitudinal W -boson emission are examined in the presence of SU(2) L breaking effects (m η 0 = m η ± ), including the case of the constrained MSSM. The massive threebody final state, W tb, was considered in Ref. [20] . The role of weak bremsstrahlung for the relic density of DM was analyzed in Ref. [21] .
In this paper, we investigate effects of electroweak bremsstrahlung on bino-like neutralino dark matter pair annihilations in the phenomenological MSSM where various SUSY parameters are chosen freely. We calculate the nonrelativistic pair annihilation cross sections via W -strahlung, χχ → W ℓν, and compare them with the contributions of relevant two-body final states. We consider the case that squarks are extremely heavy ( 10 TeV), while sleptons are much lighter than squarks. In this case, the weak bremsstrahlungs with quarks, χχ → W ud, W cs, W tb via t-and u-channel squark exchanges are suppressed. Then we discuss leptonic processes with primary neutrinos
This paper is organized as follows. In Sec. II, we describe the relevant MSSM interactions. In Sec. III, we calculate the cross sections and neutrino spectra for the weak bremsstrahlung. In Sec. IV, we discuss the narrow width approximation for the massive weak bremsstrahlung process χχ → W tb. In Sec. V, we present our numerical results. Finally concluding remarks are given in Sec. VI. A simplified expression for the cross section in the unbroken SU(2) L limit in the slepton sector is provided in Appendix A. The contributions of two-body final states are listed in Appendix B.
II. RELEVANT MSSM INTERACTIONS
The relevant interaction Lagrangian of the neutralino χ with leptons and sleptons can be written as
where
. The fieldsl I (I = 1, 2) denote the charged slepton mass eigenstates, andν ℓ is the sneutrino (ℓ = e, µ, τ ). Flavor mixings and CP violations are neglected. The coupling constants in Eq. (3) are given by
where g ′ and g denote the gauge coupling constant for the
is the Yukawa coupling constant for the lepton, and N ij is the element of the unitary matrix to diagonalize the neutralino mass matrix [6, 23] . The vacuum angle β is given by tan β = v 2 /v 1 , where v 1 and v 2 are the vacuum expectation values of the two neutral Higgs bosons. The unitary matrix V ℓ diagonalizes the charged slepton mass squared matrix as V ℓ M We follow the convention of Ref. [6] for the MSSM parameters.
We assume the GUT relation for the gaugino masses: M 1 = 
III. CROSS SECTIONS FOR WEAK BREMSSTRAHLUNG
In this section, we present the cross sections for the weak bremsstrahlung process (2) in the nonrelativistic limit v → 0, where v is the relative velocity between the two neutralinos in the center of mass frame.
The relevant Feynman diagrams for χχ → W + ℓν ℓ via t-and u-channel slepton exchange are shown in Fig. 1 . The diagram A (B) proceeds via pair production χχ → ν * ν (χχ → ℓl * ) followed by the W -boson emission from the neutrino (charged lepton).
In the diagram C, the W boson is emitted by the virtual sleptons. There exist other diagrams which can contribute to the process (2) in principle. However, in the parameter region we consider, they give only negligible effects. The 4-momentum of each particle in Fig. 1 is assigned as follows:
We define the sum of the t-and u-channel diagram for each diagram A, B and C in Fig. 1 as respectively. After the Fierz rearrangements, these matrix elements can be written as
is the polarization vector of the W boson. The spinors u and v are denoted as
, where the spin indices are suppressed. The Lorentz invariants t 1 and t 2 are defined as
Note that k 1 = k 2 in the nonrelativistic limit v → 0. In evaluating the matrix elements, we neglect the lepton masses compared with m W and m χ , while we take into account the lepton masses in slepton mass matrices to keep potentially large left-right mixings for the sleptons. 4 The Gordon decomposition for the s-wave limit,
can be used to further simplify Eqs. (8)- (10). The differential cross section for the process χχ → W + ℓν ℓ is given by
where E W and E ν are the energy of the W boson and the neutrino at the center of mass frame. To include the charge-conjugated process as in Eq. (2), the differential cross section in Eq. (12) must be doubled. The helicity sum of the matrix element squared for diagrams A, B and C are given as follows:
spins
4 In the case of electromagnetic bremsstrahlung χχ → ℓ + ℓ − γ, this leads to an infrared divergence in the total cross section, which should be cancelled by virtual one-loop corrections to the two-body annihilation rate. In the case of W -strahlung, however, the total cross section is free from an infrared divergence even when the lepton mass is neglected, since the denominator of the lepton propagators in Eqs. (8) and (9) does not vanish due to q
The auxiliary functions F 1 , F 2 , · · · , F 5 are given by
where the Lorentz invariants x, y and z are defined by
Note that x + y + z = 4m
, where m χ and m W denote the mass of the neutralino and W boson, respectively. The Lorentz invariants in Eqs. (11) and (20) can be written in terms of the energies as
, where E ℓ is the energy of the charged lepton at the center of mass frame of the initial neutralinos, and the lepton mass is neglected.
Let us discuss the behavior in the heavy slepton limit: ml I = mν ≡m → ∞. The slepton mass dependence of each amplitude is M A , M B ∼ 1/m 2 , and M C ∼ 1/m 4 . However, by summing up Eqs. (13), (14) and (16), the leading 1/m 2 terms cancel out between diagrams A and B, resulting in the total amplitude suppressed as ∼ 1/m 4 [11] . On the other hand, the amplitude for the leptonic two-body process,
falls down for heavy sleptons. We also evaluate neutrino spectra at injection from the center of the Sun. The primary neutrino spectrum via χχ → W ℓν is obtained by integrating Eq. (12) over
The cross section is obtained by integrating Eq. (21) over E ν in the range 0
. This integration can be done analytically, although the expressions are lengthy.
The secondary neutrino spectra from decay of the W boson and the tau lepton are evaluated as follows. The neutrino spectrum via W -boson decay is written as (E i , E ν ) from the parent particle (i = W , τ , t, b) with energy E i is affected by matter effects in the Sun. We neglect decay of the light quarks and the muon, since they stop before decay in the Sun. We also neglect the contribution of the charm quark, since it is subdominant compared with that of the bottom quark. For the energy distributions dNν dEν i in the Sun, we use the result of Ref. [24] where the distributions are obtained with the Monte Carlo code PYTHIA [25] . For the energy of the parent particles not tabulated in the reference, we simply adopt linear interpolations.
IV. NARROW WIDTH APPROXIMATION FOR χχ → W tb
In this section, we discuss the relation between the massive weak bremsstrahlung process χχ → W tb and the corresponding two-body process χχ → tt using a narrow width approximation.
The cross section for W tb can be obtained from M A , M B and M C by replacing ν and ℓ with t and b, respectively, and taking both left-and right-handed stops into account. When m χ > m t , the top quark pair production χχ → tt opens up. Then, the three-body cross section for χχ → W tb calculated with only M A reduces to the cross section of the two-body process χχ → tt evaluated with only t-and u-channel diagrams. In this sense, the massive weak bremsstrahlung χχ → W +t b is included in the two-body process χχ → tt followed by the on-shell top quark decay for m χ > m t [20] . On the other hand, the leptonic W -strahlung in Eq. (2) can never be included in any two-body process, since a W -boson emission from on-shell lepton is kinematically forbidden. We have calculated the cross section for the W tb final state in the same way as the leptonic case. Integrating the differential cross section d 2 (σv)
Wtb /(dE W dE t ) over E W , the top quark energy distribution via only stop exchange can be obtained as
where ∆ t = x − m 2 t = 4m χ (m χ − E t ), Γ t is the decay width for the top quark, N c = 3 is the color factor, and
The coupling constants C
(t)
LI and C
RI can be defined in a similar fashion as C (ℓ)
LI and C (ℓ)

RI in Eq. (4). The constant D (t)
LI is defined by
Integration of Eq. (24) over E t gives the cross section (σv)
Wtb . If the integration range includes the pole E t = m χ (x = m 2 t ), the narrow width approximation can be justified where the propagator of the top quark can be replaced with the delta function as
Under this approximation, the integration of Eq. (24) over x (equivalently over E t ) indeed reduces to the two-body s-wave cross section via t-and u-channel stop exchange [3] (see Appendix B) (σv)
where we use the expression for the top-quark decay width [26] 
We neglect the s-channel contributions for the three-body processes for simplicity. This is a good approximation for the leptonic process χχ → W ℓν. For the W tb final state, however, this is not a good approximation, since squarks are extremely heavy in the present analysis. In our numerical calculation, we use the total two-body expression for χχ → tt in Eq. (B1) rather than in Eq. (28) . Therefore, our result for the W tb final state below the tt threshold m χ m t is not smoothly connected to that for the tt final state. This does not affect our conclusion, since the W tb contribution below the threshold is subdominant in the parameter range we consider in the present analysis.
V. NUMERICAL RESULTS
In this section, we present our numerical results. In this analysis, we examine the phenomenological MSSM, where various SUSY parameters are chosen freely. In order to find the parameter ranges where the weak bremsstrahlung is important, we consider the scenario that the sleptons lie below the TeV scale, while the squarks are extremely heavy. Throughout the analyses, squark mass parameters are taken as mq 10 TeV for all the squarks to be consistent with the null results of superparticle searches at the LHC [27] . The pseudoscalar Higgs boson mass is fixed at m A = 2 TeV in every figure. For the slepton mass parameters, we assume a common value mẽ = mμ for the left-and right-handed soft SUSY breaking masses for the selectrons and smuons, while the left-and right-handed stau mass parameters, mτ L and mτ R , are chosen independently. For the trilinear scalar couplings, we vary A t , A b and A τ for the stop, sbottom and stau, respectively. All the others are set to zero: A q = 0 (q = t, b) for the other squarks, and A e = A µ = 0.
The s-wave cross section times the relative velocity, σv, for the weak bremsstrahlung processes χχ → W ℓν, including both W + ℓ −ν ℓ and W − ℓ + ν ℓ , are plotted in Fig. 2 as a function of m χ together with the contributions of the relevant two-body processes. In Fig. 2 (a) , the MSSM parameters are chosen as tan β = 2, µ = 1 TeV, mq = 14 TeV, and mẽ = mμ = mτ L = mτ R = 240 GeV. The trilinear coupling A t is chosen to satisfy the Higgs mass constraint m h ∼ 125 GeV [28, 29] , although the trilinear coupling for the squarks are irrelevant in the present analysis where squark exchange diagrams are sufficiently suppressed by the heavy squark masses. The bold solid line corresponds to the sum of all the leptonic processes, ℓ W ℓν ℓ + h.c. large value of m χ ml, the weak bremsstrahlung dominates over the two-body contributions. The range of m χ filled with gray corresponds to the cosmologically allowed region where the relic abundance constraint 0.11 < Ω χ h 2 < 0.13 is satisfied. The relic abundance is obtained using DarkSUSY [30] . In the present scenario with a bino-like LSP, the relic density is typically too large. The allowed region in Fig. 2 (a) appears with the help of slepton coannihilations which lead to an effective enhancement of the pair annihilation cross section for m χ ≈ ml [31] [32] [33] [34] [35] . In Fig. 2 (b) , the soft mass parameter for the right-handed stau is taken to be larger than the other slepton mass parameters as mτ R = 480 GeV. In this case, the contributions of W eν e and W µν µ are the same as in Fig. 2 (a) , while that of τ + τ − gets suppressed due to the larger mτ R . The contribution of W τ ν τ becomes identical to those of W eν e and W µν µ , since the effect of left-right mixing for the staus,
, is reduced by taking different values for mτ R and mτ L , where δ τ ∼ − 0.04m 2 Z cos 2β. Thus the relative magnitude of weak bremsstrahlung is increased compared with the result in Fig. 2 (a) . The weak bremsstrahlung is dominant for all values of m χ .
In Fig. 2 (c) , the soft mass parameters for both the left-and right-handed stau are 5 The p-wave contributions (σv) taken to be larger than that for the selectron and smuon as mτ L = mτ R = 480 GeV. The bold dashed line represents the result for only W τ ν τ . The contribution of W τ ν τ is reduced due to the larger mτ L . Figure 2 (d) is the result for tan β = 10, µ = 3 TeV, and mq = 12 TeV, where the mass parameters for staus are taken to be larger as mτ L = mτ R = 2 TeV. For a large tan β, the contribution of the τ + τ − final state is enhanced due to the larger left-right mixing, while W eν e and W µν µ remain unchanged. However, by taking much larger masses for staus than in Figs. 2 (a)-(c) , the weak bremsstrahlung can be dominant over the two-body processes. The process W τ ν τ is suppressed as ∼ 1/m 8 τ L . The bold dotted line represents the contribution of the W tb final state below the tt threshold m χ < m t . This proceeds via off-shell top quark effect χχ → t * t followed by the decay t * → W b [20] . In the present analysis, we include only t-and u-channel diagrams for the W tb final state as explained in Sec. IV. If we had included the s-channel diagrams for W tb, the result below the threshold would be smoothly connected to the two-body tt result. We define the ratio R = (σv) 3W /(σv) 2 , where (σv) 3W is the total leptonic Wstrahlung contribution, and (σv) 2 = f =t,b,τ (σv) ff + (σv) W W is the sum of all the relevant two-body contributions included in the present analysis. 6 The contours of the ratio R are plotted in the (µ, M 2 ) plane in Fig. 3 with bold lines. The relavant parameters for Figs. 3 (a)-(d) are taken to be the same as in Figs. 2 (a)-(d) , respectively. The contours of (σv) 3W are shown with thin lines. As M 2 gets across 2m t ∼ 350 GeV, the ratio becomes small suddenly due to opening of the tt channel. The strip filled with gray corresponds to the cosmologically allowed region with the correct Ω χ h 2 . In Fig. 3 (a) , the W -strahlung cross section (σv) 3W becomes larger as M 2 increases. In the cosmologically allowed range, the weak bremsstrahlung can be comparable with the two-body processes for 800 GeV µ 1100 GeV. The area filled with light gray is excluded where the lighter stau is lighter than the neutralino. The figure includes a small µ range where the LSP is higgsino-like. In this region, the W W final state becomes dominant, though cosmologically allowed regions exist for higgsino-like LSP. Therefore, the weak bremsstrahlung is negligible for a higgsino-like LSP in the present analysis. We do not show the result for µ < 0, since the behavior is similar to that for µ > 0.
In Figs. 3 (b) and (c), where the mass parameters for staus are larger, the contribution of W ℓν ℓ is similar to that in Fig. 3 (a) . However, the ratio can be significantly larger than in Fig. 3 (a) , since the relevant two-body final state, τ + τ − , gets smaller than in Fig. 3 (a) . In Fig. 3 (d) , the ratio is further enhanced by taking a large value for stau mass parameters as mτ L = mτ R = 2 TeV for tan β = 10. Finally, neutrino spectra at injection in the Sun are shown in Fig. 4 . The panel (a) is the result for tan β = 2, M 2 = 450 GeV, µ = 1 TeV, mq = 14 TeV, and mẽ = mμ = mτ L = mτ R = 240 GeV. The bold solid line corresponds to the primary neutrino spectrum of weak bremsstrahlung including all the flavors and the charge conjugated states. The bold dashed and dotted lines are the results for the secondary neutrinos from the tau lepton and the W boson, respectively, produced via weak bremsstrahlung. The contributions of two-body processes are drawn with thin lines. The neutralino mass in this case is m χ ≈ 221.9 GeV. One can see that the primary neutrino from weak bremsstrahlung can give a significant contribution particularly in the high energy range 0.8m χ E ν m χ . The result for mτ L = mτ R = 480 GeV is shown in the panel (b). In this case, the weak bremsstrahlung is dominant for the wide range of E ν , since the τ + τ − final state is suppressed by the large mτ L and mτ R .
It is notable that primary neutrino contributions of weak bremsstrahlung are nearly flavor independent for a common slepton mass, while the largest contribution among the two-body process, τ + τ − , produces mainly tau neutrinos in the Sun. Hence W ℓν can strongly affect the flavor contents of energetic neutrinos [14] . Even when the three-body final state W ℓν is not the dominant channel in the total cross section, the neutrino spectrum at high energies, E ν m χ , can still be dominated by W ℓν. The energetic neutrinos mainly originate from the internal bremsstrahlung, diagram C in Fig. 1 . Indeed, in Fig. 4(a) , the total cross section of the three-body process is slightly smaller than the sum of the two-body results. Nevertheless, the three-body process is dominant in the high energy region in Fig. 4(a) .
It must be kept in mind that one should take into account the usual bremsstrahlung effect (σv) 3γ as well to evaluate the total three-body cross section. However, as far as a neutrino flux is concerned, the weak bremsstrahlung is expected to give the major contribution. Also, Z-boson strahlung processes, e.g., χχ → Zℓ + ℓ − , should be included to discuss the total contributions from weak bremsstrahlung.
VI. CONCLUSIONS
We have examined the effects of electroweak bremsstrahlung on the bino-like neutralino dark matter pair annihilations in the MSSM. We have calculated the nonrelativistic pair annihilation cross sections and neutrino spectra via W -strahlung, χχ → W ℓν. It has been shown that the electroweak bremsstrahlung can give a dominant contribution to the cross section for some parameter regions which include cosmologically allowed ranges with the observed relic abundance. It has been found that the weak bremsstrahlung processes can give characteristic signals in the neutrino spectrum at injection in the Sun.
In the present analyses, we considered extremely heavy squarks. When the squark masses are comparable with the slepton masses, the weak bremsstrahlung typically gives only a subdominant contribution for m χ > m t due to the unsuppressed tt final state. Below the tt threshold, the W tb final state can be relevant as shown in Ref. [20] .
Integrating over dE ν and dE W analytically, Eq. (A1) reduces to the cross section found in Ref. [11] . Note that the cross section is severely suppressed as ∼ 1/m 8 in the heavy slepton limit.
In the numerical analyses in Sec. V, the SU(2) L breaking effects lead to m
∼ m 2 Z cos 2β cos 2 θ W without the left-right mixing for the sleptons. In the presence of the mass splitting mν − ml 1 = 0, a longitudinal W -boson emission χχ → W L ℓν ℓ can enhance the cross section [19] .
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Appendix B: Two-body processes
In this appendix, the s-wave cross sections for the relevant two-body processes are summarized for convenience [3] .
The s-wave cross section for the fermion pair production χχ → ff is given by
where determine the axial vector interaction of the Z 7 Neglecting the slepton mixing, but still taking the mass splitting into account, our result agrees with the one found in Ref. [19] .
boson with bilinearsf γ µ γ 5 f andχγ µ γ 5 χ, respectively. The expressions for these coupling constants can be found in Ref. [23] . The decay widths for the Z boson and the pseudoscalar Higgs, Γ Z and Γ A , are taken into account. Note that the contribution of the sfermion exchange, Ff I , includes a factor of the fermion mass m f , since C Neutrino spectra for the two-body processes can be obtained from Eq. (23) 
